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Lens equation 383 



The Schwarzschild radius for a body of mass M is given by 

Rs = ~ (14.8) 

thus the absolute value of the deflection angle can also be written as a = 2R$/b. 
For the Sun the Schwarzschild radius is 2.95 km, whereas its physical radius 
is 6.96 x 10 5 km. Therefore, a light ray which just grazes the solar surface is 
deflected by an angle corresponding to 1.7". 

14.2.2 Thin lens approximation 

From these considerations one sees that the main contribution to the light 
deflection comes from the region Az ~ ±b around the lens. Typically, Az is 
much smaller than the distance between the observer and the lens and the lens 
and the source, respectively. The lens can thus be assumed to be thin compared 
to the full length of the light trajectory. Thus one considers the mass of the lens, 
for instance a galaxy cluster, projected onto a plane perpendicular to the line of 
sight (between the observer and the lens) and going through the centre of the lens. 
This plane is usually referred to as the lens plane and, similarly, one can define 
the source plane. The projection of the lens mass on the lens plane is obtained by 
integrating the mass density p along the direction perpendicular to the lens plane: 



S«) = / P(*.z)dz, (14.9) 

where £ is a two-dimensional vector in the lens plane and z is the distance from 
the plane. The deflection angle at the point £ is then given by summing over the 
deflection due to all mass elements in the plane as follows. 

In the general case the deflection angle is described by a two-dimensional vector. 
However, in the special case that the lens has circular symmetry one can reduce 
the problem to a one-dimensional situation. Then the deflection angle is a vector 
directed towards the centre of the symmetry with absolute value given by 

4GM(£) 

ct = — ■ (14.11) 

where § is the distance from the centre of the lens and M{£) is the total mass 
inside a radius % from the centre, defined as 

M($) = 2n C W)*' d$> (14.12) 
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